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1. INTRODUCTION 
Many papers have been devoted to proving Abelian theorems for special 
integral transforms. However, few authors have tackled the more difficult 
problem of unifying various methods of proof and indeed, a lot of new fun- 
damental theory has been neglected in various applications. The important 
paper [l] gives a more structured approach to classical Abel-Tauber 
theory. The object of the present paper is to prove some Abelian theorems 
for a general class of integral transforms of Mellin type, very much in the 
spirit of [ 1 ] and using some recent second-order theory [3,4]. The latter 
has been proved to be very important in many applications (see, for 
instance, [3,9] for applications to extreme value theory). As most of the 
second-order work was developed in the probability literature, many 
authors in analysis are unaware of it. To indicate the potential use of this 
new theory, we shall apply it to integral transforms involving the 
H-function introduced by Fox [6]. It was essentially upon reading [S] 
that we felt the need to write the present paper. Specialising the parameters 
of the functions involved we obtain as particular cases of our Abelian 
Theorems 3.1 and 3.2 results of [8, 11, 13, and 151. Whereas the authors in 
[S] restrict themselves to functionsf(x) - ax” (x + CC ) for some constants 
a and q, it is well known that a generalization to the class of regularly 
varying functions is not merely academic but also best possible (see Drasin 
and Shea [S]) and indeed renders the proofs more transparent. In 
Section 3 below we investigate the asymptotic behaviour of the integral 
transforms defined in Section 2. Apart from generalizing the results of [8] 
we also provide a second-order esult. 
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THE H- AND X-TRANSFORMS 
We shall consider the H-function in the form of a Mellin-Barnes type 
integral as in [S, p. 3121: 
where 
H(z) = & s, A(s) zs ds, (2-l 1 
(2.2) 
An empty product is interpreted as unity and p, q, n, m are integers such 
that 0 <n <p, 0 < m 6 q. The complex numbers aJ (j = 1, . . . . p) and 
bj(j = 1, . ..) q) are such that no pole of T(bj- /Ij.r) (j= 1, . . . . m) coincides 
with any pole of I-( 1 - uj + ajs) (j = 1, . . . . n). The contour C is such that the 
poles of T(b, - /?,s) lie to the right and the poles of r( 1 - uj + ajs) lie to the 
left of C. This choice of C as well as the signs in (2.2) are just a matter of 
convenience. See [8] for a more detailed definition. We shall occasionally 
denote the function H (i.e., the inverse Mellin-transform of fi) as 
H”,” z 
[I 
(a,, a,), . . . . (a,, apI 
P.4 
(bl, Bl), ...? @,T B,) 1 
or, in more compact form by 
The following lemma constrains the set of H-functions 
for our purposes. 
HCzl. 
which are suitable 
LEMMA 2.1 [S, p. 3133. Let H be defined as in (2.1) and let 1, 4, 4, and q 
be dejined as follows: 
A.= f pJ- f: aj, 
j=l j=l 
5 = , zjfm Cbjlbj), 
. . 
q = max Re[(uj- l)/aj]. 
l<j<n 
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If j. > 0, C$ > 0 then H(z) = 0( /z/~) for small I and N(z) = 0( 1~1~) for large 
-‘, ( Arg z( < &r/2. 
The class of functions which we are going to concider is closely 
connected with the class of regularly varying functions introduced by 
Karamata (see, for instance, [ 141): a Lebesgue measurable function 
R: (0, m) + (0, co) is regularly varying (at infinity) with index 8 E R if it 
satisfies a relation of the form: 
R( tx)/R(t) -+ x0 (t-a) 
for all x > 0; symbolically R E RV,. A subclass of RV, has been introduced 
by de Haan [3]: a measurable function R: (0, ~0) + (0, co) belongs to the 
class n(a) with auxiliary function a~ RI/, if it satisfies 
R(tx) - R(t) 
a(t) 
-‘* log x (t+ a), 
for all x > 0. For properties of these classes, we refer to [3,4]. 
The transform of interest in [8] takes on the form 
for some constants w, p, and p and for suitablef and S. This transform can 
be rewritten as (using s= l/x): 
F(s)= joxe p( - 4x1 fW~lxY‘1 Nt) W 
= s m c%‘(x/t)fi(t) dt/t =: 2 *f,(x). 0 (2.3) 
Where 2 is a product of two H-functions since 
H$ Cz I (0, 1 )I = exp( -z) 
[8, p. 3141, and jr(t) = tf(t). The integral transform in (2.3) is called a 
Mellin-convolution; indeed if k is a general kernel and g suitably integrably 
then the Mellin-convolution is defined by 
k * g(x) = j= k(x/t) g(t) dt/t = jf k(l/u) g(ux) du/u 
0 
whenever these integrals converge absolutely. Abelian-Tauberian proper- 
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ties of such convolutions essentially depend on the behaviour of the 
associated Mellin-transform of the kernel k. 
k(s) = p t”k( l/t) dt/t = JOm u “k(u) du/u. 
The basic Abel-Tauber theory is reviewed in [ 11. From now on, we shall 
refer to the integral transform in (2.3) as an X-transform. The H-transform 
will refer to a Mellin-convolution with a single H-function as kernel. 
3. ABELIAN THEOREMS FOR H- AND ~-TRANSFORMS 
3.1. Results 
In the theorems below we investigate the asymptotic behaviour of 
the H-transform (P-transform) of functions that behave like a regularly 
varying function at infinity or at zero. 
THEOREM 3.1. Suppose f: [0, co) + [w is bounded on bounded intervals 
and such that H *f(x) exists for each x > 0 where the H-function satisfies 
E. > 0, q5 > 0. 
(i) Let R E RV, be such that q c 8 < 5, then if 
lim f (x)/R(x) = CI E [w (3.1) x * cc 
there holds 
lim H *f(x)/R(x) = &(0). (3.2) x-cc 
(ii) Let R E RVO be such that ye < 8 < c, then if 
lim f (x)/R( l/x) = c( E R 
x-to+ 
there holds 
lim H *f (x)/R( l/x) = &(0). 
s-o+ 
For the X-transform the above result readily extends as follows. 
THEOREM 3.2. Suppose f: [0, 00) -+ iw is bounded on bounded intervals 
and is such that A? *f(x) exists for x > 0 where Z(x) = nl= 1 H,(c,x) with 
c,>O and H, (r= 1, . . . . 1) H-functions such that A, > 0, q5r > 0. 
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(i) Let R E RV, he such that xf. =, qr < 0 CC:=, <,, then l/ 
lim f(x)/R(x) = r E iw 
\Y ir 
there holds 
lim .fl *f(x)/R(x) = K&(H). (3.3) L - cc 
(ii) Let RE RV-, he such that Cl=, ~,<t’<C~=, <,, then (f 
lim f(x)/R( l/x) = CI E R 
r-O+ 
there holds 
lim 2 * f(x)/R( l/x) = CC&( 0). 
\-*a+ 
Remarks. 1. As stated above, the special case R(x) - ax” and 
X(x) =exp( - w/x) H[pxP] for some constants p, W, and p, where H 
stands for a general H-function was treated in [8]; their Theorem 3, for 
instance, follows immediately from our Theorem 3.2(i). Indeed f(x) - ax’ 
implies f,(x) - CCX* + ’ so F(l/x)sX *f,(x)-&‘(tl+ 1)x”+’ whence 
(upon denoting 0=1/x), o”+‘F(a)/$(B+l)-+a as ~-0-t. Finally we 
use the fact that &(0+ I)= w ~BPIH[p/w”], see [8, p. 3143. 
Note that the condition q < 8 < 5: should be stated explictly in [IS]. For 
more general X-transforms covered by Theorem 3.2, one should use the 
Mellin-transform formulae in [ 10, p. 311. 
2. The statements in Theorems 3.1, 3.2 are best possible in the sense 
that asymptotic estimates like (3.2) and (3.3) hold only for regularly vary- 
ing f (see [S, 71). Moreover, we would like to point out the importance of 
Lemma 2.1; indeed any kernel H or 2 satisfying either Theorem 3.1 or 3.2 
has to satisfy the conclusion of the lemma. See, for instance, [ 11. 
3. Similar theorems as given above can of course be formulated for 
distributional H- or X-transforms as discussed in [S]. 
Our final result is a second-order theorem for H-transforms. 
THEOREM 3.3. Suppose f: [0, 03) -+ 172 is bounded on bounded intervals 
and is such that H *f(x) exists for x > 0 where H satisfies 2 > 0, q5 > 0. Let 
R E II(a) for some auxiliary function a E RV, and suppose q < 0 < 5. Then if 
lim f(x)-W)=aER 
x - 00 4x) 
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there holds 
lim H *f(x) - ‘(‘) R(x) = aEi(0) + Ej’(O) 
x-00 4x1 
Remarks. 1. The analog of Theorem 3.3 obviously also holds for X- 
and distributional H- and X-transforms and can be formulated in terms of 
limits x + 0 + . Details are left to the reader. 
2. Typical examples for f satisfying the conditions above are 
f(x) =L(x) + jox (L(W) dt 
for some L R V, (see[ 31). More details concerning the above second-order 
theorems are to be found in [Z]. 
3.2. Proofs 
We shall only prove Theorems 3.1(i) and 3.3 as trivial changes yield 
proofs to the other theorems. 
Proof of Theorem 3.1(i). Since if necessary R(x) can be replaced by 
Z?(x) -R(x) (x + co), without loss of generality we may and do assume 
that If(x)1 <MR(x) for x>O and that R satisfies the following 
inequalities: Ve > 03x, = x0(&) such that Vx 2 x0 and some constants A, B 
R(xu)/R(x) < $+: Ma1 O<u<l 





f (xu) duju 
R(x) 
+ j,m H( l/~)~$ duju = I, + I,. 
Since for E > 0, 0 < u < 1, Lemma 2.1 and (3.4) give 
we may apply Lebesgue’s theorem to obtain 
lim I, = ’ H( l/u) au’ du/u. 
I -+ cc s 0 
(3.5) 
409'132!1-10 
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In a similar way we obtain 
lim I, = [’ H( l/u) zuL’ du/u. 
\ + ,x, iI (3.6) 
Combining (3.5) and (3.6) we obtain (3.3). 
Proof qf Theorem 3.3. Obviously it follows from Theorem 3.1(i) that 
lim (H * (f-R)(x))/a(x)=&(O) 
x - 'x2 
so it remains to show that 
lim H * R(x) - t?(O) R(x) 
= A’( 0). 
x+0: 4x1 
(3.7) 
Without loss of generality we may assume that for some b(w) -a(x) 
(x-00) 
lim R(x) - for b(s) dsls = o 
3 x - a 4x) 
(3.8) 
where b satisfies inequalities of the form (3.4) with 0 =0 (see [4]). Now 
with B(x) = 1; b(s) ds/s we have 
H * B(x) - fi(0) B(x) 
4x1 
=(j;+j;) H(l,u[B(X~(~~(x)]du/~~l,+12. 
As for I, we have 
B(xu) - B(x) 
4x1 24 
Since q > 0, using Lebesgue’s theorem 
r-1 
it follows that 
J[rnm Zi = J H( l/u) log u du/u. 
0 
In a similar way we obtain 
O” lim I, = s H( l/u) log u du/u. *-co 0 
Combining, we obtain 
lim H * B(x) - I?(O) B(x) = 
I 
OcI H( l/u) log u du/u = A,(O). (3.9) x-cc 4x) 0 
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Finally from (3.8) and Theorem 3.1 we have that 
lim (H * (R - B)(x))/a(x) = 0. (3.10) 
x-cc 
Combining (3.9) and (3.10) we conclude (3.7) and hence the theorem 
follows. 
Concluding Remark. The main emphasis of this note was on updating 
and unifying the results in [8]. We could also have established relevant 
Tauberian theorems, i.e., results of the form “(3.2) + Tauberian con- 
dition =E. (3.1),” and Mercerian Theorems, i.e., “H *f(x)/‘(x) + c *SE R V, 
for some 8 = 0(c).” For the Tauberian questions the reader should consult 
[ 11, whereas the Mercerian counterpart of Theorem 3.3 is discussed in [2]. 
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